We present a new set of Cepheid, full amplitude, nonlinear, convective models which are pulsationally unstable in the second overtone (SO). Hydrodynamical models were constructed by adopting a chemical composition typical for Cepheids in the Small Magellanic Cloud (SMC) and stellar masses ranging from 3.25 to 4 M ⊙ . Predicted φ 21 Fourier parameters agree, within current uncertainties, with empirical data for pure first and second overtone variables as well as for first/second overtone (FO/SO) doublemode Cepheids collected by Udalski et al. (1999a,b) in the SMC. On the other hand, predicted I band amplitudes are systematically larger than the observed ones in the short period range, but attain values that are closer to the empirical ones for log P SO ≥ −0.12 and log P F O ≥ 0.1. We also find, in agreement with empirical evidence, that the region within which both second and first overtones attain a stable limit cycle widens when moving toward lower luminosities. Moreover, predicted P SO /P F O and P F O /P F period ratios agree quite well with empirical period ratios for FO/SO and F/FO double-mode SMC Cepheids.
INTRODUCTION
The existence of overtone pulsators among radial variables is a long-standing astrophysical problem (Eddington 1926; Ledoux & Walraven 1958) . On the basis of pulsating polytropic models, Schwarzschild (1941) suggested that among actual RR Lyrae variables are present both fundamental -RR ab -and first overtone -RRc-pulsators. This identification was facilitated by the empirical evidence that the pulsation amplitude and shape of the light curve of the two groups are quite different. The same outcome does not apply to high amplitude δ Scuti stars (McNamara 2000) and classical Cepheids, since fundamental (F) and overtone pulsators do show quite similar light curves nor the pulsation amplitudes can be safely adopted to identify the pulsation mode (Santolamazza et al. 2000) .
The occurrence of FO pulsators among classical Cepheids was originally suggested by Pel & Lub (1978) , but their existence was a matter of concern till few years ago (Bohm-Vitense 1994) and it was definitively settled by the large sample of variable stars collected by the microlensing experiments (MACHO, EROS, OGLE). These teams also reported the detection of some tens of double-mode Magellanic Cepheids pulsating simultaneously in the first and in the second overtone (Beaulieu et al. 1997; Alcock et al. 1999; Udalski et al. 1999a, U99a) . Even though, the existence of pure SO Cepheids was originally predicted by Stobie (1969) only two candidates (Galaxy, Burki et al. 1986 ; LMC, Alcock et al. 1999 ) have been proposed. Useful hints on the selection criteria to single out SOs were suggested by Antonello & Kanbur (1997, AK97) on the basis of nonlinear SO models. However, the existence and the observational properties of these objects were rooted to the ground by Udalski et al. (1999b, U99b) who found a dozen low-amplitude, shortperiod SOs in a sample of 2300 SMC Cepheids.
The main aim of this investigation is to present Cepheid full amplitude, convective SO models and compare theoretical predictions with observed SO Cepheids in the SMC. We c 2000 RAS selected these variables because we are interested in testing whether nonlinear, convective models account for the pulsation behavior of relatively metal-poor Cepheids. In fact, it has been recently suggested that current turbulent convective (TC) models do not account for energy dissipation sources in metal-poor Cepheids (Feuchtinger et al. 2000) . At the same time, we are also interested in assessing whether SOs can be safely adopted to estimate stellar distances. Finally, we also computed nonlinear FO models, to figure out how the instability strip changes when moving toward lower luminosities.
THEORETICAL MODELS AND DATA
The full amplitude, nonlinear convective models presented in this investigation were constructed by adopting the input physics and physical assumptions discussed in Bono, Caputo, & Marconi (1998, BCM) and in Bono, Marconi & Stellingwerf (1999, BMS) . In contrast with BCM and BMS we assumed a vanishing efficiency of turbulent overshooting in the regions where the superadiabatic gradient attains negative values. In fact, nonlinear, convective RR Lyrae models constructed by adopting this assumption account for the luminosity variation over a full cycle of U Com a field RRc variable (Bono, Castellani, & Marconi 2000) . Numerical experiments performed by adopting the same input parameters adopted by BMS suggest that the stability and the shape of the light curve of F Cepheid models are marginally affected by this assumption. However, the luminosity amplitudes of both first and second overtones roughly decrease by 24%.
To cover the observed period range of SO Cepheids we constructed four different sequences of models at fixed chemical composition Y=0.25, Z=0.004 and stellar masses equal to 3.25, 3.5, 3.8, and 4.0 M⊙. The luminosity of these models was fixed according to the mass-luminosity (ML) relation adopted by BCM and BMS. Recent calculations based on up-to-date canonical evolutionary models which cover a wide range of He and metal contents support this choice. To assess how the topology of the instability strip changes when moving toward lower luminosities, the previous models were implemented with three series of FOs with stellar masses equal to 5.0, 5.5, and 5.8 M⊙. The static models were forced out of equilibrium by imposing a velocity amplitude of 5kms −1 to the radial eigenfunctions. The nonlinear equations are integrated in time until the pulsation amplitudes show, over consecutive cycles, a periodic similarity of the order of 10 −4 . Table 1 summarizes the input parameters and selected nonlinear observables for the sequences of first and second overtone models. From left to right the first three columns give the stellar mass, the luminosity and the effective temperature (K), while columns (4) to (6) list the period (d), the mean radius, and the fractional radius. Columns (7) to (9) give the bolometric (mag), the radial velocity (Km/s), and the effective temperature (K) amplitudes, while the last three columns list the I band amplitudes, as well as the Fourier parameters φ21 and R21. Fig. 1 shows the run of bolometric light and radial velocity curves over two consecutive cycles. Data plotted in this figure show two interesting features: i) both luminosity and velocity curves do show, in agreement with empir- ical evidence, smooth changes over the full pulsation cycle. However, few light curves show a small bump along the rising branch. It is not clear, whether this is a drawback of theoretical models, since one of the criteria adopted to select pure SO pulsators is a sinusoidal luminosity variation along the pulsation cycle. Note that the 9 pure SO pulsators we selected (see below) according to the Wesenheit index present light curves that are somewhat noisy, and therefore the bump can be barely detected. ii) SO luminosity, radius, and velocity amplitudes are approximately a factor of two smaller than FO amplitudes. On the other hand, the temperature amplitudes are roughly a factor of three smaller (see column (9) in Table 1 ). This suggests that the SO luminosity changes are mainly governed by radius rather than by temperature variations. Note that current SO bolometric and radial velocity amplitudes appear to be smaller than predicted by AK97. However, AK97 adopted a slightly different He and metal contents (Y=0.29, Z=0.01 against Y=0.25, Z=0.004).
We first consider the modal stability of the selected Cepheid models. In order to compare theory and observations the predicted instability edges were transformed into the observational plane by adopting the bolometric corrections and color-temperature relations derived by Castelli, Gratton, & Kurucz (1997) . Fig. 2 shows the topology of the Cepheid instability strip for the first three radial modes in the MV , V − I Color Magnitude (CM) diagram.
A glance at the data plotted in this figure shows that the region within which the SO is unstable widens when moving from high to low luminosities, and indeed the temperature width increases from 100 K to almost 500 K. The same outcome applies to the OR region, i.e. the region in which both SO and FO pulsators are unstable, and indeed its temperature width for M=3.25 M⊙ is roughly equal to 200 K. Moreover, predicted period ratios -PSO/PF O -in this region range from 0.799 to 0.805 and are in fair agreement with empirical values (0.802 ÷ 0.809, U99a). The widening of the SO instability strip is mainly caused by the fact that the decrease in luminosity causes a substantial decrease in the SO total kinetic energy when compared with the FO. In fact, along the FOBE the ratio between SO and FO kinetic energy ranges from 0.66 at M/M⊙=5 to 0.55 at M/M⊙=4, and to 0.39 at M/M⊙=3.25. A decrease in the SO total kinetic energy implies a decrease in the pulsation inertia of the envelope, and in turn in the amount of energy necessary to destabilize this mode (Gilliland et al. 1998) . Data plotted in Fig. 2 also show that the width of the FO instability region remains almost constant when moving from 5 to 3.25 M⊙, whereas the width of the F region decreases from 400 K to 200 K. The narrowing of the F region is mainly due to a sharp change in the slope of the red edge at lower luminosities. This finding supports the empirical evidence recently brought out by Bauer et al. (1999) that when moving toward lower luminosities the number of F pulsators decreases and the slope of the PL relation for this mode changes. A more quantitative analysis of this effect will be addressed in a forthcoming paper . We also note that, the width of the OR region between F and FO remains constant and for M ≤ 3.8M⊙ it becomes a factor of two smaller than the OR region between FO and SO. This difference supplies a qualitative explanation to the empirical evidence that among double-mode SMC Cepheids the 25% are F/FO, while the other are FO/SO variables (U99a). We also find that, the predicted period ratios PF O /PF in this region range from 0.725 to 0.746 that are once again in very good agreement with the observed ones (0.728 ÷ 0.746, U99a). Moreover, it is worth underlining that the total width of the instability strip, in the above mass range, remains constant and roughly equal to 1000 K. This means that when accounting for F, FO, and SO variables the edges of the Cepheid instability strip in the SMC are approximately parallel. It goes without saying that the occurrence of two OR regions makes fainter SMC Cepheids key objects to constrain predictions on the topology of the instability strip and on modal selection (Kollath 1999) .
To properly identify pure SO pulsators in SMC, U99b adopted three different selection criteria, namely the Fourier parameters together with the location in both the ColorMagnitude and the PL diagram. The range of plausible R21 and φ21 values was selected, according to Alcock et al. (1999) , on the basis of Fourier parameters of SO light curves in double-mode pulsators, while the period range was selected according to the PSO/PF O period ratio. By using these criteria U99b found 13 bona fide pure SO pulsators. We can now check whether the selection criteria they adopted are supported by current nonlinear convective models. Fig. 3 shows the comparison between the Wesenheit index of pure SO pulsators detected by U99b and predicted SO models (solid line). Although few objects seem to be systematically brighter/cooler than predicted the agreement between theory and observations is quite satisfactory. Note that current predictions suggest that some FO variables which do not obey to the selection criteria adopted by U99b could be pure SO pulsators, since they are located in the same region covered by theoretical models. As a preliminary but plausible assumption we decided to include in the sample of pure SO pulsators the FO variables located within three σ (σW =0.03 mag, Udalski 2000, private communication) from the predicted SO loci. Interestingly, enough we find that the color distribution of the new candidates (open triangles) are quite similar to the V-I colors of FO/SO Cepheids, and indeed they range from 0.45 to 0.65 (U99a). Finally, we also included in Fig. 3 the FO/SO double-mode Cepheids to test whether current models do account for their distribution. The adopted periods, mean magnitudes and colors refer to data given by U99a (see their Appendix C). The physical assumptions adopted for constructing current nonlinear, convective models are somehow supported by the agreement between theory and observations. However, before any firm conclusion on the TC model currently adopted can be reached predictions based on nonlinear convective models should account for the entire observational scenario, and in particular for mixed-mode variables, and Fourier coefficients of F and FO Cepheids (Feuchtinger et al. 2000) . Fig. 4 shows the comparison between predicted and observed luminosity amplitudes (top panel) as well as φ21 (bottom panel) values. Data plotted in this figure refer to the Fourier fit of the I band light curves of SO components in FO/SO Cepheids and to pure SO Cepheids. Predicted amplitudes (filled triangles) up to log P ≈ −0.15 are systematically larger than the observed ones, whereas at longer periods they are quite similar to empirical ones.
Theoretical φ21 values are, within current uncertainties, in fair agreement with observed data for pure SO variables. The same outcome applies for the bulk of the φ21 values of the SO components in FO/SO Cepheids. The error bars for these objects are larger because the SO is the secondary mode and therefore their luminosity amplitudes are relatively small. Predicted and empirical R21 parameters are also in plausible agreement but unfortunately the latter ones are affected by large errors. Data plotted in the top panel support the evidence that the luminosity amplitudes can be safely adopted for selecting pure SO pulsators, since in this period range they are systematically smaller than FO amplitudes (Fig. 5) . At the same time, the selection criterium based on the Fourier parameters of SO components in FO/SO Cepheids does not seem appropriate, since the SOs cover the same region covered by FOs (Figs. 4 and 5) . Fig. 5 shows the same data of Fig. 4 but they refer to pure FOs and to FO components in FO/SO Cepheids. Once again predicted amplitudes are, at short periods, systematically larger than the observed ones, whereas for periods longer than log P ≈ 0 the theoretical amplitudes attain values closer to the empirical ones. On the other hand, predicted φ21 values agree quite well with observations for periods shorter than log P = 0.4. Note that theoretical models for M/M⊙=5.5 and 5.8 show for 0.4 < log P ≤ 0.5 a welldefined minimum in the pulsation amplitude, whereas predicted φ21 values are, in the same period range, larger than the empirical ones. More detailed calculations are necessary to assess whether this feature is connected with the occurrence of a Hertzsprung progression among FOs (Kienzle et al. 1999) .
To disclose whether SOs are good standard candles we derived on the basis of current SO models the following analytical Period-Luminosity-Color (PLC) relation: MV = 3.961 −3.905 log P +3.250(V − I) ±0.005 ±0.019 ±0.054 where MV and (V-I) are weighted mean intensities transformed into magnitudes, P is the period (d), and the standard deviation is 0.004. The spread of this relation is small because the temperature width of SO instability strip is substantially smaller than F and FO strips.
The top panel of Fig. 6 shows the projection of the PLC relation into a plane. Interestingly enough, we find that by fitting the sample of pure SO pulsators together with the FO/SO Cepheids the SMC distance modulus is 19.11 ± 0.08 mag. The uncertainty accounts for errors on both photometry and reddening but does not account for depth effects. Owing to the lack of individual reddening estimates we Figure 6 . Period-Luminosity-Color (V,V-I) relations for second (top) and first (bottom) overtone pulsators. Solid lines show theoretical relations, while the symbols are the same as in Fig. 3. adopted, according to Caldwell & Coulson (1986) , a mean reddening value of E(B − V ) = 0.054 ± 0.029. The current SMC distance estimate supports the distance determination derived by Bono et al. (1999, DM = 19.19±0 .17 mag) on the basis of the fundamental PLC (V, B-V) relation and data available in the literature. Our distance estimate is in very good agreement with the SMC distance derived by Laney & Stobie (1994) on the basis of empirical PL relations in four different photometric bands i.e. DM = 18.94 ± 0.04 mag (internal error), by Kovacs (2000) using double-mode SMC Cepheids (DM = 19.05 ± 0.13 mag), and by Groenewegen (2000) using both the Wesenheit index (DM = 19.08 ± 0.11 mag) and the P LK relation (DM = 19.04 ± 0.17 mag).
Forced by the above result we decided to estimate the SMC distance by adopting the theoretical PLC relation for FOs. By taking into account current and old ) models we find the following PLC (V, V-I) relation: MV = 3.61(±0.03) − 3.85(0.02) log P + 3.33(±0.09)(V − I) where the symbols have their usual meaning and the standard deviation is 0.03. The fit of this relation to both pure FOs and FO/SO Cepheids (see bottom panel of Fig. 6 ) supplies DM = 19.16 ± 0.19 mag. The mean magnitudes and colors of these variables were corrected by adopting the same mean reddening adopted for SO variables. Even though FOs cover different period and luminosity ranges, the new distance agrees, within the errors, with the distance based on SOs. At the same time, both of them are at odds with SMC distances based on red clump stars (DM = 18.63 ± 0.07 mag) and on field RR Lyrae stars (DM = 18.66 ± 0.16 mag) derived by Udalski (1998) and by Udalski et al. (1998) . Finally, we note that FO models for M/M⊙=5 allow us to test the dependence of predicted FO edges on the adopted TC calibration. Interestingly enough, the new edges differ by less than 100 K when compared with the edges predicted by on the basis of the old TC calibration (Bono & Stellingwerf 1994) . Therefore, it turns out that the new TC calibration marginally affects predicted PL and PLC relations.
CONCLUSIONS
We have presented and discussed theoretical predictions concerning the pulsation properties of SO pulsators among SMC Cepheids. The comparison between theory and observations brought out the following results: i) current metal-poor, nonlinear, convective models account for the pulsation behavior of pure first and second overtone Cepheids. In fact, predicted φ21 parameters are in fair agreement with empirical data (U99a,U99b). ii) Theoretical predictions show that the OR region, i.e. the region in which both first and second overtones are unstable, widens in temperature when moving from higher to lower luminosities. This evidence supplies a qualitative explanation to the large number of FO/SO double-mode Cepheids detected by OGLE in the SMC. iii) Predicted period ratios -PSO/PF O , PF O /PF -of the models located in the two OR regions are in good agreement with observed values for FO/SO and F/FO double-mode SMC Cepheids (U99a).
Interestingly enough we find that both pure SO variables and the SO components in FO/SO Cepheids are good distance indicators, and indeed the fit of the theoretical PLC (V,V-I) relation to empirical SMC data supplies a distance modulus of 19.11 ± 0.08 mag. This result is further strengthened by the fact that the distance modulus we obtain by adopting the predicted PLC relation for FO variables is 19.16 ± 0.19 mag. These distance estimates are based on a mean reddening correction, since the SMC Cepheid sample collected by OGLE lack of individual reddening measurements. Current distance estimates are, within the uncertainties, at odds with the so-called short distance scale.
